The χ-criterion is defined as the product of the energy conversion efficiency and the heat absorbed per unit time by the working substance [de Tomás et al., Phys. Rev. E, 85 (2012) 
I. INTRODUCTION
One of the key topics in the finite-time thermodynamics is the efficiency at maximum power output (EMP) for heat engines. Since the pioneer work made by Curzon and Ahlborn [1] , this topic has been fully investigated by many researchers . Recent researches are mainly focused on two issues: One is the universal EMP for tight-coupling heat engines operating between two heat baths at small temperature difference [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ; the other is the global bounds of EMP for heat engines operating between two heat baths [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
On the other hand, the optimal performance of refrigerators has also attracted much attention [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . Recently, de Tomás et al. introduced a unified optimization χ-criterion for heat devices including heat engines and refrigerators [47] . This χ-criterion is defined as the product of the energy conversion efficiency and the heat absorbed by the working substance per unit time. The coefficient of performance (COP) at maximum χ was proved to be ε CY ≡ √ ε C + 1 − 1 for symmetric low-dissipation refrigerator, which is precisely the same with that derived by Yan and Chen [46] for endoreversible refrigerator, where ε C is the Carnot efficiency for refrigerators.
Feynman introduced an imaginary ratchet device, which can work as heat engine as well as refrigerator, in his famous lectures [51] . Many discussions have been made on this device [10] [11] [12] [37] [38] [39] . The EMP for Feynman ratchet as a heat engine has been discussed in Ref. [10] [11] [12] . In this work, as a counter part, we investigate the COP at maximum χ-criterion for Feynman ratchet as a refrigerator. Firstly, we introduce the Feynman ratchet as a typical tight-coupling refrigerator and optimize its χ-criterion. We find its COP at maximum χ approaches to √ ε C when the temperature difference between two heat baths is small. This asymptotic behavior is in consistent with the results derived by the present authors in Ref. [26, 27] . Secondly, an interpolation formula, which fits the numerical solution well, is proposed. We also prove the relative error between the interpolation formula and the exact solution to be less than 0.8%. Finally, by constructing the mapping from Feynman ratchet as a tight-coupling refrigerator into the refined generic model proposed in [27] , we investigate the sufficient conditions for the universality of ε * → √ ε C at small temperature difference for refrigerators.
II. FEYNMAN RATCHET AS A REFRIGERATOR
The Feynman ratchet can be regarded as a Büttiker-Landauer model [51] [52] [53] , i.e., a
Brownian particle walking in a periodic lattice labeled by Θ n , (n = · · · , −2, −1, 0, 1, 2, · · ·)
with a fixed step size θ. The ratchet potential is schematically depicted in Fig. 1 , where the energy scale and the position of potential barrier are respectively denoted by ǫ and θ c (or θ h ). The Brownian particle is in contact with a cold bath at temperature T c in the left side of each potential barrier while it is in contact with a hot bath at temperature T h (> T c ) in the right side of each barrier. The particle is pulled from the left to the right side by a moment z due to the external force. In steady state and overdamping condition, the forward and backward jumping rates can be respectively expressed as ω + = k 0 e −(ǫ−zθc)/Tc and ω − = k 0 e −(ǫ+zθ h )/T h according to the Arrhenius law [51] . In the expressions of jumping rates, the Boltzmann factor is set to be 1 while k 0 represents the bare rate constant with dimension of time −1 . For simplicity, we introduce two abbreviated notations q ≡ ǫ − zθ c and w ≡ zθ. For the relative large load z, the forward jumping rate can be larger than the backward one. In this case, the net current
is positive. In each forward step, the particle absorbs heat q ≡ ǫ − zθ c from the cold bath.
Combining the input work w ≡ zθ done by the external load, the absorbed heat will be released into the hot bath when the particle jumps over the barrier. Thus the total heat q + w will be released into the hot bath in each forward step. The energy conversion in each backward step is exactly opposite of that in forward step mentioned above. Thus the net power input can be expressed asẆ = wr while the heat absorbed from the cold bath or released into the hot bath per unit time can be expressed asQ c = qr orQ h = (q + w)r, respectively. Obviously, when r > 0 the heat flows from the cold bath to the hot one, and the power input (i.e., the mechanical flux) is proportional to the thermal fluxes (Q c andQ h ).
It is in this sense that the Feynman ratchet is regarded as a tight-coupling refrigerator.
III. COP AT MAXIMUM χ-CRITERION
In this section, the χ-criterion for Feynman ratchet as a refrigerator is optimized with respect to both internal and external parameters. The asymptotic solutions for COP at maximum χ are investigated and an interpolation formula is proposed.
A. Maximization of the χ-criterion
The COP of Feynman ratchet can be expressed as
Simultaneously, the χ-criterion can be expressed as
Maximizing χ with respect to the internal barrier hight ǫ and the external load z, we can
Combining Eq. (2) and the above two equations, we derive that the COP at maximum χ-criterion (ε * ) satisfies the following transcendental equation:
where
is the COP of Carnot refrigerators. Considering we do not optimize χ with respect to θ c and θ h , it is interesting and surprising that ε * depends merely on ε C (or equivalently speaking, the relative temperature difference between two baths) rather than the position of the potential barrier θ c even though the expressions of jumping rates contain θ c .
B. Asymptotic solutions
Since the analytic solution to Eq. (6) cannot be achieved, we will investigate the asymptotic behaviors at large temperature difference (ε C → 0) and small temperature difference (ε C → ∞), respectively. In the former case, considering 0 ≤ ε * ≤ ε C , we transform Eq. (6) into 2ε C /ε * + ε * /ε C − 3 = ln(2ε C /ε * ), from which we obtain
when ε C → 0. This behavior is different from that of ε CY ≡ √ ε C + 1 − 1 which gives ε CA = 0.5ε C when ε C → 0. Thus, except for ε * → 0, there is no universal behavior of COP at maximum χ-criterion for refrigerators at large temperature difference.
On the other hand, it is not hard to prove ε * → ∞ and ε * /ε C → 0 when the temperature difference between two baths is very small (i.e., ε C → ∞) by using the reduction to absurdity.
Since 0 < ε * < ε C , we assume that ε * approaches to a finite value p between 0 and ε C when ε C → ∞. In this case, 1/ε C → 0, ε * /ε C = p/ε C → 0. Then Eq. (6) is transformed into 2/p = ln(1 + 2/p) which cannot hold because ln(1 + 2/p) is always smaller than 2/p for any finite p > 0. This contradiction implies that ε * → ∞ when ε C → ∞. Similarly, since 0 < ε * < ε C , we assume that ε * /ε C takes a finite value p ′ between 0 and 1 when ε C → ∞.
From this equation we obtain p ′ = 2 which contradicts with the assumption 0 < p ′ < 1.
This contradiction implies that ε * /ε C → 0 when ε C → ∞.
If multiplying 1 + ε −1 C on both sides of Eq. (6) and then expanding it into a series of ε
when we neglect the contribution of higher order terms. The terms ε * /ε 2 C and 2/ε * ε C are of higher order relative to 1/ε C since ε * → ∞ and ε * /ε C → 0 when ε C → ∞, thus Eq. (8) is further simplified into 2/ε C − 2/ε 2 * ≃ 0 when ε C → ∞. Its solution is
which gives the asymptotic behavior of COP at maximum χ-criterion for the Feynman ratchet as a refrigerator operating between two heat baths at small temperature difference.
C. Interpolation formula
We suggest using an interpolation formula
with α = 1/(2 × 0.524) = 0.954 as the approximate solution to Eq. (6). It is easy to see that this formula degenerates into Eq. (7) (or Eq. (9)) when ε C → 0 (or ε C → ∞), respectively.
We compare this interpolation formula with the numerical solution to Eq. (6) shown in Fig. 2 . Surprisingly, this interpolation formula (solid line) does extremely approach to the numerical solutions (squares) to Eq. (6) obtained from the high precision computation when ε C takes values in a relatively large range. This formula fits the numerical data better than formulas (7) and (9) which reveals that the interpolation formula is much closer to the numerical solutions than
Now we will investigate the relative error between this interpolation formula and the exact solution to Eq. (6) although we cannot analytically achieve the exact solution in practice.
Introducing a variable y ≡ ε * /ε C , we transform Eq. (6) into
Define two functions:
Assume thatȳ andỹ represent the approximate solution and exact solution to equation
, respectively. Now we will calculate f (ȳ, ε C ) − f (ỹ, ε C ). On the one hand The numerical solutions to Eq. (6) and interpolation formula (10) are depicted as the squares and solid line, respectively. The diagrams of functions (7) and (9) since the exact solutionỹ satisfies f (ỹ, ε C ) = g(ε C ). On the other hand,
Combining Eqs. (13) and (14), we derive the relative error
With the consideration of interpolation formula ε * = √ ε C + α 2 − α where α = 0.954, we haveȳ ≡ ε * /ε C = 1/ε C + α 2 /ε 2 C − α/ε C . Substituting it into Eq. (15), we can estimate the relative error between interpolation formula ε * = √ ε C + α 2 − α and the exact solution to Eq. (6). The detailed results are shown in Fig. 3 which reveals that the relative error is smaller than 0.8%. 
IV. SUFFICIENT CONDITIONS OF THE UNIVERSALITY
The asymptotic behavior ε * → √ ε C at small temperature difference for Feynman ratchet as a refrigerator is also shared by ε CY ≡ √ ε C + 1 − 1 and is in consistent with the results in Ref. [26, 27] obtained from a refined generic model of refrigerator. This consistency prompt us to map Feynman ratchet as a refrigerator into the refined generic model of refrigerator and search for the sufficient conditions of the universality of √ ε C . Before this, we have to make a review of the refined generic model of refrigerator in detail, for the depiction in our previous work is oversimplified. We have to emphasize that although our discussions mainly focus on autonomous refrigerators since the Feynman ratchet is an autonomous engine, the refined generic model can also be applied to cyclic refrigerators by a different adoption of mechanical flux and force as discussed in Ref. [27] .
A. Refined generic model of a tight-coupling refrigerator Fig. 4(a) shows a conventional generic setup of Carnot-like refrigerator. In unit time, the working substance absorbs heatQ c from the cold bath at temperature T c and releases heaṫ Q h into the hot bath at temperature T h , while the amount of workẆ is done to the working substance by the environment. The dot denotes derivative with respect to time.
For an autonomous refrigerator in the steady state, the entropy production rate σ can be expressed as
where β h and β c denote the reciprocal of T h and T c , respectively.
Following the procedure we have done to heat engines in Ref. [27] , Eq. (16) can be transformed into
or
with consideration ofQ h =Q c +Ẇ . Introduce two nonnegative weighted parameters s c and s h with s c + s h = 1. Multiply Eqs. (17) and (18) by s c and s h , respectively. Then the sum of both products lead to
This expression enlighten us to take the thermal flux J t as
with the conjugating thermal force
For the autonomous engine operating in the steady state, the power inputẆ can be expressed asẆ = rW , where r is the net rate and W is the elementary work in each mechanical step. Then the mechanical flux and force, which are related to the mechanical process, can be expressed as J m ≡ r, and X m ≡ βW,
respectively. β denotes the weighted reciprocal of temperature
With consideration of above definitions (20)- (23), we can exactly transform Eq. (19), the entropy production rate, into a canonical form
Besides, we can derive the power inputẆ
From Eqs. (20), (25) andQ h =Q c +Ẇ ,Q c andQ h can be further expressed aṡ
by which we can revise the conventional generic model shown in Fig. 4 (a) into a refined version shown in Fig 4(b) . From Eq. (25) it is easy to see that the leading term ofẆ is a quadratic order for small relative forces. As explained in Ref. [27] for heat engines, J t may be regarded as the common leading term shared byQ c andQ h . We can further assume that s c (or s h ) represent the degree of coupling between the refrigerator and the cold (or hot)
bath.
According to the work by Van den Broeck in Ref. [7] , this generic model of refrigerator can be described by the linear constitutive relation between thermodynamic fluxes and forces
where the Onsager coefficients satisfy
, the thermal flux is proportional to the mechanical flux
From Eq. (26) and the tight-coupling condition Eq. (28), the heat absorbed from the cold bath can be further expressed asQ
SubstitutingQ c into Eq. (2), we have the expression of COP as
Thus the target function χ ≡ εQ c can be derived as following
Maximizing χ with respect to X m for given T c and T h , we obtain
With consideration of the linear constitutive relation Eq. (27) and tight-coupling condition Eq. (28), we can derive from Eq.(32)
Substituting Eq. (33) into Eq. (30), we obtain the COP at maximum χ to be
with consideration of Eq. (21) , (23) and
In particular, in the case of symmetric coupling, s c = s h = 1/2, Eq. (34) can be simplified into
It is easy to see from Eq. (35), if the symmetric coupling condition is satisfied, the COP at maximum χ for refrigerator approaches to √ ε C when temperature difference is small (ε C → ∞).
B. Mapping Feynman ratchet as a refrigerator into the refined generic model
Considering the Feynman ratchet as a refrigerator shown in Fig. 1 , the heat absorbed from the cold bath and released into the hot bath per unit time can be expressed aṡ
respectively. r is the net current in Eq. (1). The power input can be expressed asẆ = zθr.
Comparing Eq. (36) with (26), we can straightforwardly derive the weighted thermal flux and the weighted parameters as
and
respectively. Obviously, the weighted parameters indeed reflect the degree of coupling strength between the particle and the cold bath or hot bath. From Eq. (22), we can get the mechanical flux and force
where β satisfying Eq. (23).
It is easy to see that the weighted thermal flux J t is indeed tightly coupled with the mechanical flux J m with the scale factor ξ = J t /J m = ǫ from Eqs. (37) and (39) . It should be emphasized that this relation may not be hold when we take the energy transaction due to kinetic energy into consideration. The specific discussions on this point are beyond the scope of our present work.
Substituting Eqs. (37)- (39) into Eq.
(1), we have
Under the linear approximation of Taylor expansion, J m can be further expressed as J m = k 0 e −βǫ (X m + ǫX t ). Then the Onsager coefficients can be derived
Therefore, the Feynman ratchet as a refrigerator is mapped into the refined generic model approximately. The weighted parameters and Onsager coefficients satisfy Eqs. (38) and (41), respectively. Thus, symmetric coupling condition (s c = s h = 1/2) is a sufficient condition of the COP at maximum χ approaches to √ ε C for Feynman ratchet when ε C → ∞.
C. Sufficient conditions
If we take the second order term of X m and X t in Eq. (40) into consideration, J m can be
. Substituting J m into Eq. (32), we can derive the relationship between X m and X t at maximum χ as
Eq. (33) enlighten us assuming
+ B as the approximate solution of Eq. (42) when the temperature difference of the two heat baths is small (X t → 0). A and B are parameters independent of X m and X t . Substituting this trial solution into Eq. (42), we can derive
with consideration of the small relative temperature difference condition (X t → 0). From
Eq. (43) we can derive the asymptotic expression of A to be
when X t → 0.
Considering Eqs. (30) , (44) and ε C = T c /(T h − T c ), we can derive the asymptotic COP at maximum χ for Feynman ratchet as a refrigerator to be
From Eq. (45), we can derive that ε * → √ ε C requires s c = s h = 1/2 or βǫ → 2. This alternative is in consistent with the statement that symmetric coupling condition is just the sufficient condition for ε * → √ ε C when ε C → ∞ in Ref. [27] .
Assume βǫ = 2 + ϕ/ √ ε C when ε C → ∞, where ϕ is a finite constant. By considering q = ǫ − s c w and w to be the quadratic order term of 1/ε C , we have
where O(
) denotes the higher order term of 1/ε C . Substituting (46) into Eqs. (4) and (5), we can derive
It is easy to see from Eq. (47) that this equality is true when ε C → ∞. In other words, when we adopt βǫ = 2 + ϕ/ √ ε C , the COP at maximum χ for Feynman ratchet at small temperature difference indeed approaches to √ ε C regardless of the value of s c and s h . This result is in consistent with the discussion in Sec. III A that ε * is independent of θ c and θ h .
V. CONCLUSION AND DISCUSSION
In the above discussions, we investigate the COP at maximum χ-criterion for the Feynman ratchet as a refrigerator and find that the corresponding COP can be approximately expressed as interpolation formula (10). In the limit of small temperature difference between two heat baths, this formula and ε CY ≡ √ ε C + 1 − 1, which has been proved to be the COP at maximum χ-criterion for endoreversible refrigerators [46] and low-dissipation refrigerators [47] , share the same asymptotic behavior (9) . This universal asymptotic behavior, which is in consistent with the results obtained from a refined generic model of refrigerator
proposed by the present authors [27] , could be considered as the counterpart of universal EMP for tight-coupling heat engines in the presence of left-right symmetry [13] .
Additionally, by mapping Feynman ratchet as a refrigerator into the refined generic model, we find that the asymptotic solution of the COP at maximum χ approaches to √ ε C when s c = s h = 1/2 or βǫ = 2 + ϕ/ √ ε C is satisfied. These two factors can be seen as the sufficient conditions of the universality of Eq. (9) for Feynman ratchet as a refrigerator working at small temperature difference.
